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Abstract . The author analysis the structure and the dynamic of self-thinned uneven -aged mixed 
stands of Quercus robur + Fraxinus excelsior, and Alnus rubra + Pseudotsuga menziesii + Picea 
sitchensis. He depicted the influence of competitive hierarchy, proportions of the species, and 

age upon them. Stochastic simulations of the stands with European species are also presented 
and commented. 
Key words : Competitive hierarchies; self-thinned uneven -aged mixed stands; stand structure; 
stand dynamics; stochastic simulation 
 
A Mistura de Geometria dos Povoamentos Auto -Desbastados Mistos e Irregul ares  

Sumário . O autor analisa a estrutura e a dinâmica de povoamentos auto-desbastados 
irregulares mistos de Quercus robur + Fraxinus excelsior, e Alnus rubra + Pseudotsuga menziesii + 
Picea sitchensis. Evidencia a influência que nelas exercem a hierarquia competitiva, proporções 
das espécies e idade. Apresenta e comenta simulações estocásticas dos povoamentos com as 
espécies europeias. 
Palavras-chaves: Dinâmica dos povoamentos; estruturas dos povoamentos; hierarquias 
competitivas; povoamentos auto-desbastados irregulares mistos; simulações estocásticas 
 
Les Mixages de Géométrie des Peuplements Mixtes Irréguliers et Auto Éclaircis  

Résumé. L'auteur analyse la structure et la dynamique des peuplements mixtes irréguliers et 
auto-éclaircis de Quercus robur + Fraxinus excelsior, et Alnus rubra + Pseudotsuga menziesii + Picea 
sitchensis. Il met en évidence l'influence de la hiérarchie compétitive, les proportions des 

espèces et leurs âges. Il  présente  et commente également des simulations. 
Mots clés: Dynamique des peuplements; structure des peuplements; hiérarchies compétitives; 
peuplements mixtes irréguliers et auto -éclaircis; simulations stochastiques 
 
  

 
Introduction  

 
In BARRETO (2002), I illustrated the 

changing geometry of self-thinned even-
aged mixed stands (SEMS). In this same 

paper, I also stated that self-thinned 
uneven-aged mixed stands (SUMS) are 
mixtures in space of the geometries that 
succeed in time, in SEMS, because there is 
a time-space symmetry between SEMS 
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and SUMS.  
For the sake of illustrative comple-

teness, in the present article, I will 
attempt to evince the influence of age, 
competitive hierarchy, and the propor -
tions of trees in the dynamic parameters 
of the populations in SUMS.  

The models, simulations, and analysis 
here introduced are grounded in my 
integrated theory of self -thinned stands, 
particularly for SEMS, and SUMS 
(BARRETO, 1989, 1990, 1997a,b, 1999a,b, 
2000,2001,2002). I already disclosed 
several applications, in Visual Basic 6, to 
simulate SEMS. 

In a previous paper (BARRETO, 1998), 
I already modeled, simulated, and 
proposed management guidelines for 
SUMS of Pinus pinaster + Quercus robur, 
and Pinus pinaster + Acer pseudoplatanus.  

For the prosecution of my purpose, I 
will analyze two different SUMS, that 
naturally occur in Europe, and in North 
America. 

A very common mixture in Europe is 
the stands with Quercus robur (Qro) + 
Fraxinus excelsior (Fre). This is my choice 

for the SUMS with two species. 
For an example of a SUMS with three 

species, I elected Alnus rubra (Aru)  + 
Pseudotsuga menziesii (Pme) + Picea 
sitchensis (Psi). 

From here on, I will use the following 
acronyms: SEPS for self-thinned even-
aged pure stands, and SUPS for self-
thinned uneven -aged pure stands. I will 
refer to forest variables as yijt . The 

meanings of the subscripts are as 
follows: i= power of the linear dimension 
associated to the variable; j 

individualizes the variable; t= refers to 
the age, in years. 

Finally, I will present stochastic 
simulations of the SUMS of the European 
species, following the simulative st rategy 

introduced in BARRETO (2006).  
This article is a revised and enlarged 

version of BARRETO (2003).  
 

General Issues and Assumptions  
 
My theory for SEMS assumes that 

with species of very close competitive 
ability, the dynamics of the number of 
trees per area unit (y -21t) as in SEPS, can 
be modeled by a Gompertz equation, 
such as: 

y-21t= y-21f R-2
exp(-c(t-t0)) (1) 

being: c, and R-2 constant values for a 

given species; t0 the age when the stand 
enters the 3/2 power line, here equal to 
10 years; y-21t0= the number of trees per 
area at age t0; y-21f =the final or 
asymptotic value of the variable; R -2=  
y-21t0 /y -21f. In mixed stands, c and R-2 
change with the proportions of the 
species, and the variation of their relative 
competitive abilities, thus with age . 

I also adopt the following notation 
and units: y11t = tree dbh at age t, cm; 
y12t= tree height at age t, m; y14t= stem 

standing volume per area unit, m 3/area 
unit; y 1j= any of the previous variables, 
with i=1; y 31t= tree stem volume at age t, 
m3.  

In the characterization of the SUPS 
with European species, I made them 
symmetric of SEPS with 10000 trees per 
area unit at age 10. The SUPS with North - 
-American species are symmetric of SEPS 
with 12000 trees per area unit. 

The SUMS with European species are 
symmetric of SEMS with a total number 
of trees per area unit, at age 10, equal to 
10000. The same figure for SUMS with 
North -American species is 12000 trees 
per area unit. 

The fraction of trees of a species, in 
the SUMS, refers to the fraction of trees fr, 

at age 10, in a symmetric SEMS. 



 The Blended Geometry of SUMS 227 

The Stands with Qro, and Fre   
 
Qro, and Fre are two species that have 

a broad, and almost coincident 
distribution in Europe. It is not 
surprising the existence of mixed stands 
with them.  

In Table 1, I introduce the specific 
values of the dynamics of the pure 
stands of Qro, and Fre. 

 
Table 1 - Specific values of Qro, and Fre  

 
Variables  Qro Fre 

c 0.041 0.038 

R-2 125.937 87.767 

R1 0.0891 0.1067 

R3 0.00071 0.00122 

 
In Table 2, I show the age classes I 

adopted, and the competitive hierarchies 
prevalent in each age class, and referred 
to ages 19.5, 39.5, 59.5, 79.5, 99.5, 119.5. In 
the first three classes, Qro is dominant; in 
classes IV, V, VI the competitive 
hierarchy is reversed, as the ratio 

"relative growth rate of Qro/relat ive 
growth rate of Fre" is greater then 1. 
With rigor, Qro is dominant for ages 
equal or less than 61 years. 

For comparative purposes, in Table 3, 
I exhibit the structures and dynamics of 
the SUPS of each species. From here on, I 
use the following notation , referred to a 
age class, and a period of five years: 
M=fraction of trees that is self -thinned; 
T=fraction of trees that moves to the next 
class; P=fraction of trees that remains in 
the class. 

 
Table 2 - Structures and competitive 

hierarchies 
 

Classes Age Range Ratio RGR 

I 10-29 1.133 

II  30-49 1.067 

III  50-69 1.005 

IV 70-89 0.946 

V 90-109 0.891 

VI  110-129 0.839 

 
 

 
Table 3 - The characterization of the SUPS of Qro, and Fre. Freq=trees/class; d=class mean 

dbh  
 

Qro 

Cl. Freq. d m
2
/tree M T P 

I 527 9.9. 3.162 0.67153 0.05281 0.27566 

II  62 30.6 26.882 0.29576 0.13619 0.56805 

III  26 48.2 64.102 0.13026 0.19429 0.67545 

IV 17 58.2 98.039 0.05737 0.22439 0.71824 

V 15 63.2 111.111 0.02527 0.23851 0.73622 

VI  14 65.5 119.048 0.0113 0.24490 0.74397 

Fre 

I 592 15.7 2.815 0.59256 0.06503 0.34241 

II  89 34.9 18.726 0.27712 0.14150 0.58137 

III  38 49.3 43.860 0.12960 0.19419 0.67621 

IV 26 57.5 64.102 0.06061 0.22279 0.71660 

V 22 61.7 75.757 0.02834 0.23704 0.73462 

VI  20 63.8 83.333 0.01326 0.24388 0.74286 
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I simulated SEMS of Qro, and Fre with 

the fraction of Qro with values 0.2, 
0.3,...0.8, to fit the following equation for 
the population parameters c, and R-2: 

c or R-2= a fr + b (2) 

The values of a, and b are exhibited in 
Table 4.  

For the previous mentioned 
simulations, I characterized the stands 
for fr=0.2, 0.5, 0.8 of Qro, in Table 5. 
Tables 3, and 5 must be compared. 
 
Table 4 - The values of a, and b in eq. (2). 
r2=0.999 for Qro:c; Fre:c, R-2; r2=1.000 for Qro: 
R-2  

 
Species  a b 

Qro 
c 3.1053E-03 0.037878 

R-2 40.031875 84.427558 

Fre 
c 2.8445E-03 0.038022 

R-2 35.17335 86.832382 

 
For the parameters M , T, P, of each 

class of the simulated stands, I also fitted 
eq. (2), as shown in Table 6.  

For the midle age of the classes upper 
mentioned, and for fr=0.2, 0.5, 0.8, I 
estimated the power (b(t)) of y-21 in the 

allometric equation that relates it to the 
mean tree volume (the 3/2 power law, in 
SEPS). These values are exibited in Table 
7. 

Finally, I established equations for the 
variables M , T, P with age, for fractions 

of Qro equal to 0.2, 0.5, 0.8. 
The equations for M  are the following 

ones: 

M=a exp(b t) (3)  

For T, and P the equation is: 

T or P=exp(e+f/t+g ln t) (4)  

In Table 8, I exhibit the values of the 
parameters of eqs. (3), (4). 

The structures of the SUMS exhibited 
are stable, for the span of ages 
considered. The competitive ability 
declines with age, and after stabilize. 
Very old trees do not bring more insight 
to the competitive situation.  

In rigor, each group of trees of the 
same age has its own geometry, and 
dynamics. For the sake of clarity of 
explanation, and analysis, I aggregated 
the trees in age classes. I consider trees 
with less then 10 years as regeneration.  

It is also implicit in the way I present 
my results, in this paper, that I consider 
all SUMS with the same tree size, but 
occupying a variable area. 
 
The Stands with Aru, Pme, and Psi  

  
Mixed stands with Aru, Pme, Psi 

occur naturally in North -America.  
In my analysis, my assumption about 

the longevity of Aru is optimistic: 89 
years. Thus, I consider only four age 
classes, with the same span as for the 
SUMS Qro+Fre. 

In North -American forest literature, 
there is a large bibliography about these 
three species. Thus, I will not engage in 
any characterization of them. 

From here on, I design the fraction of 
trees at age 10, of Aru as x1, and the one 
of Pme as x2. The fractional composition 
of the stands, number of trees at age 10 of 
the simmetric SEMS, is designated in the 
following order: Aru, Pme, Psi. In the 
triplet 0.2/0.2/0.6, the fi gures 
correspond to the species Aru/Pme/Psi.  

As I already did, I start by presenting 
the characteristic parameters of the 
species (Table 9), and the structures of 
their SUPS (Table 10). 

 




