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Abstract. The author analysis the structure and the dynamic of self-thinned uneven-aged mixed 
stands of Quercus robur + Fraxinus excelsior, and Alnus rubra + Pseudotsuga menziesii + Picea 
sitchensis. He depicted the influence of competitive hierarchy, proportions of the species, and 

age upon them. Stochastic simulations of the stands with European species are also presented 
and commented. 
Key words: Competitive hierarchies; self-thinned uneven-aged mixed stands; stand structure; 
stand dynamics; stochastic simulation 
 
A Mistura de Geometria dos Povoamentos Auto-Desbastados Mistos e Irregulares 

Sumário. O autor analisa a estrutura e a dinâmica de povoamentos auto-desbastados 
irregulares mistos de Quercus robur + Fraxinus excelsior, e Alnus rubra + Pseudotsuga menziesii + 
Picea sitchensis. Evidencia a influência que nelas exercem a hierarquia competitiva, proporções 
das espécies e idade. Apresenta e comenta simulações estocásticas dos povoamentos com as 
espécies europeias. 
Palavras-chaves: Dinâmica dos povoamentos; estruturas dos povoamentos; hierarquias 
competitivas; povoamentos auto-desbastados irregulares mistos; simulações estocásticas 
 
Les Mixages de Géométrie des Peuplements Mixtes Irréguliers et Auto Éclaircis 

Résumé. L'auteur analyse la structure et la dynamique des peuplements mixtes irréguliers et 
auto-éclaircis de Quercus robur + Fraxinus excelsior, et Alnus rubra + Pseudotsuga menziesii + Picea 
sitchensis. Il met en évidence l'influence de la hiérarchie compétitive, les proportions des 

espèces et leurs âges. Il  présente  et commente également des simulations. 
Mots clés: Dynamique des peuplements; structure des peuplements; hiérarchies compétitives; 
peuplements mixtes irréguliers et auto-éclaircis; simulations stochastiques 
 
  

 
Introduction 

 
In BARRETO (2002), I illustrated the 

changing geometry of self-thinned even-
aged mixed stands (SEMS). In this same 

paper, I also stated that self-thinned 
uneven-aged mixed stands (SUMS) are 
mixtures in space of the geometries that 
succeed in time, in SEMS, because there is 
a time-space symmetry between SEMS 
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and SUMS.  
For the sake of illustrative comple-

teness, in the present article, I will 
attempt to evince the influence of age, 
competitive hierarchy, and the propor-
tions of trees in the dynamic parameters 
of the populations in SUMS.  

The models, simulations, and analysis 
here introduced are grounded in my 
integrated theory of self-thinned stands, 
particularly for SEMS, and SUMS 
(BARRETO, 1989, 1990, 1997a,b, 1999a,b, 
2000,2001,2002). I already disclosed 
several applications, in Visual Basic 6, to 
simulate SEMS. 

In a previous paper (BARRETO, 1998), 
I already modeled, simulated, and 
proposed management guidelines for 
SUMS of Pinus pinaster + Quercus robur, 
and Pinus pinaster + Acer pseudoplatanus.  

For the prosecution of my purpose, I 
will analyze two different SUMS, that 
naturally occur in Europe, and in North 
America. 

A very common mixture in Europe is 
the stands with Quercus robur (Qro) + 
Fraxinus excelsior (Fre). This is my choice 

for the SUMS with two species. 
For an example of a SUMS with three 

species, I elected Alnus rubra (Aru) + 
Pseudotsuga menziesii (Pme) + Picea 
sitchensis (Psi). 

From here on, I will use the following 
acronyms: SEPS for self-thinned even-
aged pure stands, and SUPS for self-
thinned uneven-aged pure stands. I will 
refer to forest variables as yijt. The 

meanings of the subscripts are as 
follows: i= power of the linear dimension 
associated to the variable; j 

individualizes the variable; t= refers to 
the age, in years. 

Finally, I will present stochastic 
simulations of the SUMS of the European 
species, following the simulative strategy 

introduced in BARRETO (2006).  
This article is a revised and enlarged 

version of BARRETO (2003).  
 

General Issues and Assumptions 
 
My theory for SEMS assumes that 

with species of very close competitive 
ability, the dynamics of the number of 
trees per area unit (y-21t) as in SEPS, can 
be modeled by a Gompertz equation, 
such as: 

y-21t= y-21f R-2
exp(-c(t-t0)) (1) 

being: c, and R-2 constant values for a 

given species; t0 the age when the stand 
enters the 3/2 power line, here equal to 
10 years; y-21t0= the number of trees per 
area at age t0; y-21f =the final or 
asymptotic value of the variable; R-2=  
y-21t0 /y-21f. In mixed stands, c and R-2 
change with the proportions of the 
species, and the variation of their relative 
competitive abilities, thus with age. 

I also adopt the following notation 
and units: y11t = tree dbh at age t, cm; 
y12t= tree height at age t, m; y14t= stem 

standing volume per area unit, m3/area 
unit; y1j= any of the previous variables, 
with i=1; y31t= tree stem volume at age t, 
m3.  

In the characterization of the SUPS 
with European species, I made them 
symmetric of SEPS with 10000 trees per 
area unit at age 10. The SUPS with North- 
-American species are symmetric of SEPS 
with 12000 trees per area unit. 

The SUMS with European species are 
symmetric of SEMS with a total number 
of trees per area unit, at age 10, equal to 
10000. The same figure for SUMS with 
North-American species is 12000 trees 
per area unit. 

The fraction of trees of a species, in 
the SUMS, refers to the fraction of trees fr, 

at age 10, in a symmetric SEMS. 
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The Stands with Qro, and Fre  
 
Qro, and Fre are two species that have 

a broad, and almost coincident 
distribution in Europe. It is not 
surprising the existence of mixed stands 
with them. 

In Table 1, I introduce the specific 
values of the dynamics of the pure 
stands of Qro, and Fre. 

 
Table 1 - Specific values of Qro, and Fre  

 
Variables Qro Fre 

c 0.041 0.038 

R-2 125.937 87.767 

R1 0.0891 0.1067 

R3 0.00071 0.00122 

 
In Table 2, I show the age classes I 

adopted, and the competitive hierarchies 
prevalent in each age class, and referred 
to ages 19.5, 39.5, 59.5, 79.5, 99.5, 119.5. In 
the first three classes, Qro is dominant; in 
classes IV, V, VI the competitive 
hierarchy is reversed, as the ratio 

"relative growth rate of Qro/relative 
growth rate of Fre" is greater then 1. 
With rigor, Qro is dominant for ages 
equal or less than 61 years. 

For comparative purposes, in Table 3, 
I exhibit the structures and dynamics of 
the SUPS of each species. From here on, I 
use the following notation, referred to a 
age class, and a period of five years: 
M=fraction of trees that is self-thinned; 
T=fraction of trees that moves to the next 
class; P=fraction of trees that remains in 
the class. 

 
Table 2 - Structures and competitive 

hierarchies 
 

Classes Age Range Ratio RGR 

I 10-29 1.133 

II 30-49 1.067 

III 50-69 1.005 

IV 70-89 0.946 

V 90-109 0.891 

VI 110-129 0.839 

 
 

 
Table 3 - The characterization of the SUPS of Qro, and Fre. Freq=trees/class; d=class mean 

dbh  
 

Qro 

Cl. Freq. d m
2
/tree M T P 

I 527 9.9. 3.162 0.67153 0.05281 0.27566 

II 62 30.6 26.882 0.29576 0.13619 0.56805 

III 26 48.2 64.102 0.13026 0.19429 0.67545 

IV 17 58.2 98.039 0.05737 0.22439 0.71824 

V 15 63.2 111.111 0.02527 0.23851 0.73622 

VI 14 65.5 119.048 0.0113 0.24490 0.74397 

Fre 

I 592 15.7 2.815 0.59256 0.06503 0.34241 

II 89 34.9 18.726 0.27712 0.14150 0.58137 

III 38 49.3 43.860 0.12960 0.19419 0.67621 

IV 26 57.5 64.102 0.06061 0.22279 0.71660 

V 22 61.7 75.757 0.02834 0.23704 0.73462 

VI 20 63.8 83.333 0.01326 0.24388 0.74286 
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I simulated SEMS of Qro, and Fre with 

the fraction of Qro with values 0.2, 
0.3,...0.8, to fit the following equation for 
the population parameters c, and R-2: 

c or R-2= a fr + b (2) 

The values of a, and b are exhibited in 
Table 4.  

For the previous mentioned 
simulations, I characterized the stands 
for fr=0.2, 0.5, 0.8 of Qro, in Table 5. 
Tables 3, and 5 must be compared. 
 
Table 4 - The values of a, and b in eq. (2). 
r2=0.999 for Qro:c; Fre:c, R-2; r2=1.000 for Qro: 
R-2  

 
Species  a b 

Qro 
c 3.1053E-03 0.037878 

R-2 40.031875 84.427558 

Fre 
c 2.8445E-03 0.038022 

R-2 35.17335 86.832382 

 
For the parameters M, T, P, of each 

class of the simulated stands, I also fitted 
eq. (2), as shown in Table 6.  

For the midle age of the classes upper 
mentioned, and for fr=0.2, 0.5, 0.8, I 
estimated the power (b(t)) of y-21 in the 

allometric equation that relates it to the 
mean tree volume (the 3/2 power law, in 
SEPS). These values are exibited in Table 
7. 

Finally, I established equations for the 
variables M, T, P with age, for fractions 

of Qro equal to 0.2, 0.5, 0.8. 
The equations for M are the following 

ones: 

M=a exp(b t) (3)  

For T, and P the equation is: 

T or P=exp(e+f/t+g ln t) (4)  

In Table 8, I exhibit the values of the 
parameters of eqs. (3), (4). 

The structures of the SUMS exhibited 
are stable, for the span of ages 
considered. The competitive ability 
declines with age, and after stabilize. 
Very old trees do not bring more insight 
to the competitive situation. 

In rigor, each group of trees of the 
same age has its own geometry, and 
dynamics. For the sake of clarity of 
explanation, and analysis, I aggregated 
the trees in age classes. I consider trees 
with less then 10 years as regeneration.  

It is also implicit in the way I present 
my results, in this paper, that I consider 
all SUMS with the same tree size, but 
occupying a variable area. 
 
The Stands with Aru, Pme, and Psi 

  
Mixed stands with Aru, Pme, Psi 

occur naturally in North-America.  
In my analysis, my assumption about 

the longevity of Aru is optimistic: 89 
years. Thus, I consider only four age 
classes, with the same span as for the 
SUMS Qro+Fre. 

In North-American forest literature, 
there is a large bibliography about these 
three species. Thus, I will not engage in 
any characterization of them. 

From here on, I design the fraction of 
trees at age 10, of Aru as x1, and the one 
of Pme as x2. The fractional composition 
of the stands, number of trees at age 10 of 
the simmetric SEMS, is designated in the 
following order: Aru, Pme, Psi. In the 
triplet 0.2/0.2/0.6, the figures 
correspond to the species Aru/Pme/Psi. 

As I already did, I start by presenting 
the characteristic parameters of the 
species (Table 9), and the structures of 
their SUPS (Table 10). 
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Table 5 - The structures, and dynamic parameters of simulated SUMS Qro+Fre  
 

Class Trees/ha Mean dbh M T P 
0.2 

Qro 

I 116 10.18 0.604862 0.062986 0.332152 

II 17 30.72 0.280137 0.140635 0.579228 

III 7 48.14 0.129743 0.194190 0.676067 

IV 5 58.21 0.060090 0.223050 0.716860 

V 4 63.18 0.027830 0.237284 0.734885 

VI 4 65.48 0.012889 0.244061 0.743050 

Fre 
I 463 15.64 0.607763 0.062510 0.329726 

II 66 34.92 0.280930 0.140401 0.578669 

III 28 49.29 0.129856 0.194157 0.675987 

IV 19 57.50 0.060024 0.223085 0.716891 

V 16 61.71 0.027745 0.237326 0.734990 

VI 15 63.76 0.012825 0.244092 0.743083 

0.5 
Qro 

I 280 10.06 0.629887 0.058994 0.311119 

II 37 30.68 0.286180 0.138900 0.574920 

III 16 48.14 0.130021 0.194196 0.675783 

IV 11 58.21 0.059073 0.223553 0.717373 

V 9 63.18 0.026839 0.237761 0.735400 

VI 8 65.48 0.012194 0.244393 0.743413 

Fre 
I 279 15.53 0.629989 0.058978 0.311033 

II 37 34.89 0.286203 0.138894 0.574903 

III 16 49.29 0.130022 0.194196 0.675782 

IV 11 57.50 0.059069 0.223555 0.717376 

V 9 61.71 0.026835 0.237763 0.735402 

VI 8 63.76 0.012191 0.244395 0.743414 
0.8 

Qro 
I 432 9.94 0.654962 0.055202 0.289836 

II 53 30.64 0.292088 0.137220 0.570691 

III 22 48.14 0.130260 0.194213 0.675526 

IV 15 58.21 0.058091 0.224037 0.717871 

V 13 63.18 0.025906 0.238208 0.735886 

VI 12 65.48 0.011553 0.244699 0.743748 
Fre 

I 108 15.42 0.652257 0.055603 0.292140 

II 13 34.86 0.291371 0.137428 0.571200 

III 6 49.29 0.130159 0.194243 0.675598 

IV 4 57.51 0.058144 0.224009 0.717847 

V 3 61.71 0.025973 0.238176 0.735851 

VI 3 63.76 0.011603 0.244675 0.743722 
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Table 6 - SUMS Qro+Fre. The fitting of eq. (2) to the simulated values of M, T, and P 
 

Variable a b r2 a b r2 

Qro                                                            Fre 
Classe I 

M -0.068094 0.345594 0.999 -0.062605 0.342290 1.000 

T 0.083025 0.588303 1.000 0.074948 0.592693 0.999 

P 0.065491 -0.012905 1.000 -0.011504 0.064765 1.000 
Classe II 

M -0.014251 0.582057 1.000 -0.012441 0.581138 1.000 

T 0.0199625 0.276180 1.000 0.017786 0.277365 0.998 

P -0.005712 0.141764 1.000 -0.005075 0.141416 0.997 
Classe III 

M -0.000835 0.676220 0.968 -6.492E-04 0.676112 0.999 

T 0.0008555 0.129583 0.998 5.0785E04 0.129761 0.997 

P    1.425E-04 0.194127 0.997 
Classe IV 

M 1.6239E-03 0.716546 0.993 1.5921E-03 0.716577 1.000 

T -3.217E-03 0.060711 0.994 -3.129E-03 0.060640 1.000 

P 1.5932E-03 0.222742 0.995 1.5385E-03 0.222782 1.000 
Classe V 

M 1.6277E-03 0.734572 0.997 1.4689E-03 0.734671 1.000 

T -3.131E-03 0.028431 0.997 -2.95E-03 0.028320 1.000 

P 1.5053E-03 0.236995 0.997 1.415E-03 0.237050 1.000 
Classe VI 

M 1.1392E-03 0.742832 0.997 1.0632E-03 0.742877 1.000 

T -2.181E-03 0.013305 0.997 -2.034E-03 0.013218 1.000 

P 1.0428E-03 0.243862 .997 9.7107E-04 0.243904 0.999 

 
Table 7 - SUMS Qro+Fre. Values of b(t). 

t=19.5, 39.5,... 119.5 

 
Qro 

Clas. 0.2 0.5 0.8 

I -1.664 -1.598 -1.537 

II -1.583 -1.549 -1.518 

III -1.505 -1.502 -1.499 

IV -1.431 -1.456 -1.481 

V -1.361 -1.411 -1.462 

VI -1.294 -1.368 -1.444 
Fre 

I -1.469 -1.410 -1.356 

II -1.483 -1.452 -1.422 

III -1.498 -1.494 -1.492 

IV -1.512 -1.538 -1.564 

V -1.527 -1.583 -1.640 

VI -1.542 -1.630 -1.720 

 

With three species, there is a great 
variety of combinations of the propor-
tions that can be considered for simula-
tive purposes. I simulated the structure 
and dynamics of the following combina-
tions of x1, and x2 (x1/x2): 0.2/0.2, 

0.3333/0.3333, 0.6/0.2, 0.2/0.6, 0.4/0.3, 
0.3/0.4, 0.5/0.25, 0.25/.5, 0.25/0.25. The 
competitive hierarchies observed are the 
following ones: till age 16 Aru>Psi>Pme; 
16<age<59: Aru>Pme>Psi; after age 59: 
Pme>Aru>Psi. These species have very 
close relative growth rates (BARRETO, 
1999a). 

In BARRETO (1999b), I introduced a 
simulator for SEMS Aru+Pme+Ps. 
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Table 8 - SUMS Qro+Fre. Constants in eqs. (3), and (4) 

 
fr Qro Fre 

 a b r2  a b r2  
0.2 0.888795 -0.038486 1.000  0.893926 -0.038584 1.000  

0.5 0.934488 -0.039446 1.000  0.934679 -0.03945 1.000  

0.8 0.980778 -0.40376 1.000  0.875893 -0.040299 1.000  
 T 
 e f g r2 e f g r2 

0.2 -2.520528 -8.419996 0.260225 .996 -2.516288 -8.594287 0.259636 .996 

0.5 -2.47236 -9.44828 0.25242 .995 -2.47213 -9.45241 0.259636 .996 

0.8 -2.420517 -10.434451 0.243790 .996 -2.424000 -10.33419 0.244473 .996 
 P 

0.2 -0.407299 -7.919786 0.041349 0 -0.39449 -8.038738 0.039919 .999 

0.5 -0.32837 -9.02640 0.026730 0 -0.32802 -9.31160 0.02667 .999 

0.8 -0.238385 -10.247490 0.00937 0 -0.247991 -10.11352 0.011726 .999 

 
 

Table 9 - The characteristic parameters of 

Aru, Pme, Psi 
 
Variables Aru Pme Psi 

c .049 .046 .048 

R-2 119.55 82.134 72.329 

R1 0.0914 0.1103 0.1176 

R3 0.0008 0.0013 0.0016 

 
For illustrative purposes, in Table 11, 

I exhibit the structures and the dynamic 
parameters (M,P,T) of four SUMS, of the 

type I am analysing. 
For the values of M,P,T of the 

simulated SUMS, I fitted the following 
equation: 

M, T, or P=a+bx1+cx2 (5) 

The values of the constants in eq. (5) 
are displaied in Table 12.   

In Table 13, I insert the values of b(t), 

of the SUMS described in Table11. 
 

The Stochastic Simulations of the 
SUMS Qro+Fre 

 
Comparing my approach to pure 

stands (BARRETO, 2006), for the sake of 
completeness, I will introduce the results 
of simulations of SUMS Qro+Fre. The 
strategy and modelling approach I here 
use is described in the same reference, 
and I will not repeat it here, although I 
consider convenient to include the 
description of the main algorithm as 
follows: 

 
Generate a random number generate a 

random value for s calculate m calculate 
c multiply the figures in the first lines of 
the matrices in table 14 by c calculate the 
new frequencies of the classes for each 
class, calculate the area occupied by the mean 
tree check, and adjust, if the upper limits of 
the classes are violatedcalculate the total 
area occupied by the new frequenciescheck 
if this area is greater then 10000 m2, and 
eventually adjust the frequenciesuse the 
new value of total density, and the previous 
one to calculate the natural logarithm of their 
ratio (growth rate) 
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Table 10 - The structures of SUPS Aru, Pme, Psi. They are symmetric of SEPS with 12000 

trees/area unit 
 

Classes Freq. Mean dbh m2/Tree M T P 
Aru 

I 562 10 4.448 0.735820 0.044778 .219403 
II 57 35 43.761 0.276161 0.143616 0.580222 
III 26 52 95.494 0.103646 0.205721 0.690633 
IV 20 60 126.550 0.038900 0.232784 0.728316 

Pme 
I 631 15 3.960 0.654960 0.055815 0.289225 
II 83 44 30.183 0.261014 0.148027 0.590959 
III 39 64 63.780 0.104019 0.205294 0.690687 
IV 29 74 85.082 0.041454 0.231550 0.726996 

Psi 
I 629 12 3.972 0.651240 0.056581 0.292179 
II 85 33 29.375 0.249355 0.152156 0.598489 
III 42 48 59.420 0.095476 0.208939 0.695585 
IV 32 55 77.107 0.036557 0.233763 0.729680 

 
 

Table 11 - The structures and dynamic parameters of four SUMS Aru+Pme+Psi 

 
x1/x2=0.2/0.2 

 Aru Pme Psi 
Cl. Feq. d M T P Feq. d M T P Feq. d M T P 
I 185 10 .664 .054 .281 184 15 .668 .054 .278 554 11 .668 .054 .278 

II 23 35 .256 .150 .594 23 44 .257 .150 .593 70 33 .257 .150 .593 

III 11 52 .099 .207 .694 11 64 .099 .208 .694 34 48 .099 .207 .693 

IV 8 60 .038 .233 .729 8 74 .038 .233 .729 26 55 .038 .233 .729 
x1/x2=0.3333/0.3333 

I 304 10 .678 .052 .269 303 15 .679 .052 .268 303 11 .680 .052 .268 

II 37 35 .262 .148 .590 37 44 .262 .148 .590 37 33 .262 .148 .590 

III 17 52 .101 .207 .592 17 64 .101 .207 .692 17 48 .101 .207 .692 

IV 13 60 .039 .233 .728 13 74 .039 .233 .728 13 55 .039 .233 .728 
x1/x2=0.6/0.2 

I 531 10 .701 .049 .250 177 15 .700 .049 .251 118 11 .700 .050 .250 

II 60 35 .268 .146 .586 20 44 .267 .146 .586 13 33 .267 .146 .387 

III 28 52 .102 .206 .692 9 64 .102 .206 .692 6 48 .102 .206 .692 

IV 21 60 .039 .233 .728 7 74 .039 .233 .728 4 55 .039 .233 .728 
x1/x2=0.2/0.6 

I 185 10 .667 .054 .279 555 15 .670 .054 .276 185 11 .700 .054 .276 

II 23 35 .261 .148 .590 69 44 .262 .148 .590 23 33 .262 .148 .590 

III 11 52 .102 .206 .692 33 64 .102 .206 .692 11 48 .102 .206 .692 

IV 8 60 .040 .232 .728 24 74 .040 .232 .728 8 55 .040 .232 .728 
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Table 12 - SUMS Aru+Pme+Psi. The constants in eq. (5) 

 
 a b c r2 a b c r2 a b c r2 

 Aru Pme Psi 

 Class I 

M 0.6464 0.0890 0.00519 .999 0.6516 0.0795 0.0045 1.000 0.6516 0.0791 0.0044 1.000 

P 0.0571 -0.0127 -0.0009 .999 0.0564 -0.0113 -0.0008 .999 0.0564 -0.0113 -0.0008 .999 

T 0.2965 -0.0763 -0.0041 1.000 0.2920 -0.0681 -0.0036 1.000 0.2920 -0.0678 -0.0036 1.000 

 Class II 

M 0.2482 .0279 0.0125 .999 0.2492 0.0261 0.0125 .999 0.2496 0.0253 0.0115 .999 

P 0.1524 -0.0089 -0.0044 .999 0.1522 -0.0083 -0.0044 .999 0.1520 -0.0081 -0.0040 .999 

T 0.5993 -0.0190 -0.0081 .999 0.5986 -0.0177 -0.0081 .999 0.5983 -0.0172 -0.0075 .999 

 Class III 

M 0.0953 .0083 0.0089 .999 0.0953 0.0083 0.0090 .999 .0956 0.0078 0.0082 .999 

P 0.2090 -0.0032 -0.0038 .999 0.2090 -0.0033 -0.0038 .999 .2089 -0.0031 -0.0035 .999 

T 0.6957 -0.0051 -0.0051 .999 0.6957 -0.0050 -0.0052 .999 .6955 -0.0047 -0.0047 .999 

 Class IV 

M 0.0037 0.0023 0.0051 .999 0.0364 0.0025 .0051 .999 0.0366 0.0022 0.0047 .999 

P 0.2337 -0.0009 -0.0023 .999 0.2338 -0.0011 -0.0023 .999 0.2337 -0.0009 -0.0021 .999 

T 0.7300 -0.0013 -0.0028 .999 0.7297 -0.0015 -0.0028 .999 0.7296 -0.0013 -0.0026 .999 

 
Table 13 - The values of b(t) of the SUMS described in Table 11.  t=19.5, 39.5, 59.5, 79.5 

 
 0.2/0.2 0.3333/0.3333 0.6/0.2 0.2/0.6 

Classes Aru Pme Psi Aru Pme Psi Aru Pme Psi Aru Pme Psi 
I -1.637 -1.452 -1.399 -1.618 -1.410 -1.468 -1.650 -1.444 -1.450 -1.625 -1.426 -1.459 

II -1.593 -1.501 -1.403 -1.572 -1.472 -1.435 -1.607 -1.494 -1.433 -1.580 -1.483 -1.434 

III -1.551 -1.551 -1.407 -1.528 -1.537 -1.404 -1.565 -1.547 -1.416 -1.537 -1.541 -1.409 

IV -1.509 -1.602 -1.411 -1.485 -1.605 -1.372 -1.524 -1.601 -1399 -1.494 -1.602 -1.385 

 
s is a random variable with lognormal 

distribution; m is an intermediate 

variable used in the mechanism of 
homeostasis of the stand, that is 
regulated by r. The greater is r, the 
greater is c. When r=1 the stand behaves 
as in a deterministic environment.   

I chose the stands 0.5/0.5, in Table 5. 
The two projection matrices are 
described in Table 14. 

The stable age distribution of the 
SUMS is (trees/ha): 

Qro: 281; 38; 15; 10; 8; 7. Fre: 280; 38; 
15; 10; 8; 7. Total density: 717 trees/ha. 

I used a lognormal distribution with 
mean 6.57507, being the variances equal 
to 0.25, 0.55, and 0.85. r assumes the 
values 3, 10, 17.  

For each combination variance/r, I 
run 10 simulations for 105 periods of 5 
years. I retained the final 100 values of 
each run, and I calculated the arithmetic 
mean of the density, and area used (m2), 
and the geometric mean of the growth 
rate. Also their variances were estimated. 
The means of these values, for each 
statistic, were finally calculated, and 
displayed in Table 15. Each simulation 
started with 104 trees in class I, of each 
species. At the end of the 105 loops both 
species can either coexist or one had been 
extinguished. It is assumed that every 
five years, trees older then 129 years are 
removed.  

To render the effect of r clearer, I 

introduce Figure 1. 
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Table 14 - The two projection matrices of the SUMS Qro+Fre 
 

A. Qro 
 
 
 
 
 
 
 

B: Fre 
0 2.88 3.8 4.5 4.6 4.6 

0.0589 0.574903 0 0 0 0 

0 0.138894 0.675782 0 0 0 

0 0 0.194196 0.717376 0 0 

0 0 0 0.2223555 0.735402 0 

0 0 0 0 0.237763 0.743414 

 
A.                                                                              B.                               

 
 

 

 

 

 

 

 

 

 

 
C.                                                                                D. 
 
 

 

 

 

 

 

 

 

 

 

 
 
 
 
 

 

Figure 1 - A. Random values of s for LN (6.57507, 0.55). B. Values of c when r=1.1. C. Values of 
c when r=10. D. Values of c for r=20. A constant density was used (717 trees/ha) 

0 2.9 3.8 4.5 4.6 4.6 

0.058994 0.57492 0 0 0 0 

0 0.1389 0.675783 0 0 0 

0 0 0.194196 0.717373 0 0 

0 0 0 0.223533 0.7354 0 

0 0   0.237761 0.743413 
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The Simulations 
 
Before I introduce the results of the 

simulations, it is worthwhile to stress 
some aspects of the structure and 
dynamics of mixed stands. Given the 
time-space symmetry between even-aged 
and uneven-aged stands, for the sake of 
clarity, I concentrate my attention on the 
former stands. They evince: 

a) Shifts of competitive hierarchy 
(Table 2). 

b) Changing allometry (BARRETO, 
2007). 

c) Sensitivity to the initial conditions, 
or the butterfly effect (BARRETO, 2005a, 
2005b: chapter 11), as illustrated in 
Figure 3.  

 

0 10 20 30 40 50 60 70 80

-0.08

-0.06

-0.04

-0.02

0.00

0.02

0.04

0.06

0.08

0.10

0.12

t, age-10 years

C
o

e
ff
. 
o

f 
c
o

m
p

e
ti
ti
o

n

 
 

Figure 2 - Coefficients of competition for the mixture Q. robur+F. excelcior, ages 10 to 88 years. 
Top three lines mirror the effect of the ash upon the oak. In each group, from top to bottom: 
proportions of 0.2, 0.5, 0.8 of the oak, at age 10 years. If the proportion of Qro is low, in the 
initial years of the SEMS, both species can benefit from the association. This fact facilitates the 
establishment of this type of SEMS  
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Figure 3 - The sensitivity of the growth of total biomass of SEMS Qro+Fre to the initial values 

(deterministic butterfly effect). Mg of dry matter 
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Given these characteristics, the 
stochastic simulations of SUMS are 
difficult to interpret, to detect patterns of 
variation in their results, and are not 
exempt of some unexpected results. In 
Table 15, I summarize the results of the 
simulations I realized.  

Now, I will elaborate the comments 
on Table 15. For the reasons already 
explained, they are few.  

As expected, the variances of the 
population parameters follow the vari-

ance of the lognormal distribution, and 
they increase with r.  

With level of generalization that I can 
not estimate, it is observed that 
increasing r promotes the occurrence of 
stands with more trees, but with larger 
proportions of small individuals, and 
less area used. 

I am not able to depict other consis-
tent patterns of variation of the popula-
tion characteristics here simulated. 

 
Table 15 - Results of the stochastic simulations of the SUMS Qro+Fre. Figures as follows: 

mean/variance. The greater is r, the greater is the response of the forest to environmental 
changes 

 
Lognor. variance Variables r=3 r=10 r=17 

0.25 Total trees/ha 760/89027 1309/1209779 1454/1549659 

Area used, s.m. 8152/587023 7757/4596482 7540/5660435 

Growth rate 0.9681/1.2229 0.9980/29.6310 0.9996/37.0530 

0.55 Total trees/ha 802/208603 1233/1098649 1379/ 1454299 

Area used, s.m. 8370/1160635 7754/4132036 7498/5291296 

Growth rate 1.0123/4.9628 0.9589/27.3359 0.9484/35.3789    

0.85 Total trees/ha 833/ 253419 1204/1063188 1346/ 1471074 

Area used, s.m. 8286/1384894 7669/4023437 7363/5340635 

Growth rate 0.9801/6.3625 1.0096/26.4713 0.9725/36.4953 
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Figure 4 - A sample of the final hundred values of stochastic simulation, when the variance of 

the lognormal distribution is 0.55, and r=10 
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Final Comments 
 
I admit that I satisfied the purposes 

of this paper: a) to illustrate the blended 
geometry of SUMS, thus b) to complete 
the information displayed in BARRETO 
(2002, 2007), dedicated to the changing 
geometry of SEMS. 

If anyone carefully scrutinizes the 
information here exhibited, he or she will 
verify that the results of my simulations 
are intrinsically coherent. The effects of 
the proportions of the species, and their 
relations of competitive dominance are 
consistent with my theory for self-
thinned mixed stands. In the SUMS 
Aru+Pme+Psi the transitivity of the 
competitive hierarchies is shown. 

When there is an increasing interest 
about continuous cover forestry, 
favouring mixed uneven-aged stands, I 
hope my analysis may contribute for a 
better forestry practice, with this type of 
stands. The management of this stands it 
is not an easy task. 
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